Abstract. In this contribution we present a construction of large networks of diameter two and of order of Moore bound and we show that Cayley graphs of degrees d ∈ {16, 17, 18, 23, 24, 31, . . . , 35} constructed in this paper are the largest currently known vertex-transitive graphs of diameter two.
Introduction
Nowadays, large-scale networks (interconnection, optical, social, electrical, etc.) are a subject of very intensive study. Representing nodes of networks by vertices and communication lines by (directed) edges, networks can be modeled by (di)graphs. Below in figure 1 we can see a model of a simple computer network with computers c 0 , c 1 , . . . , c 7 . Maximum communication delay and maximum communication lines connected to a node are the two main basic limitations on any network. These parameters correspond to the diameter and the maximum (out)degree, respectively, of the corresponding (di)graph. The next important property which a good model of a network might posses is simple and efficient routing algorithm.
Since Cayley graphs are vertex-transitive, it is possible to implement the same routing and communication schemes at each node of the network they model [6] .
The problem to find, for given diameter k and maximum degree d, the largest order n(d, k) of a graph with given parameters, is in graph theory known as degree-diameter problem. There is a well known upper bound on the number n(d, k) -Moore bound, which gives n(d, k)
k−1 for all positive degrees d and diameters k. The Moore bound for diameter k = 2 is n(d,
The maximum order of a Cayley graph of diameter two and degree d is denoted by C(d, 2) and for these graphs we have the following results. In [7] the authors constructed Cayley graphs of diameter two and of order
2 for all degrees d = 2q − 1 where q is an odd prime power and the same authors gave a construction of Cayley graphs of diameter two and of order
2 ) for an infinite set of degrees d of a very special type [8] . It was shown in [1] that for all degrees d ≥ 4 we have 
Preliminaries
For a given finite group Γ and a unit-free, inverse-closed generating set X of Γ , the Cayley graph G = Cay(Γ, X) is a graph with vertex set V (G) = Γ and with edge set E(G) = {{g, h}|g ∈ Γ, g −1 h ∈ X}. Since X is inverse-closed (that is X = X −1 ), for every g −1 h ∈ X we have h −1 g ∈ X. Therefore our Cayley graphs are undirected. It is well known that Cayley graphs are vertex transitive. The Cayley graph for underlying group Γ = Z 6 and generating set X = {1, 3, 5} is shown in figure 2 below. The edges corresponding to generators 1 and (1)
Throughout this paper, an additive cyclic group of order n, with elements {0, 1, . . . , n − 1} and identity element 0, will be denoted by Z n . Let Γ n = (Z n × Z n ) ⋊ Z 2 be a semidirect product of Z 2 acting on Z 2 n = Z n × Z n such that the non-identity element of Z 2 interchanges the coordinates of elements of Z 2 n . That is 0 ∈ Z 2 : (x, y) → (x, y) and 1 ∈ Z 2 : (x, y) → (y, x). We will write the elements of Γ n as triples (x, y, i) where x, y ∈ Z n and i ∈ {0, 1}. The inverse element to (x 0 , x 1 , i) is (−x i , −x i+1 , i) and for the product of two elements of 3 Large Cayley Graphs of Diameter Two Theorem 1. Let r ≥ 1 be an integer, let s, ǫ ∈ {0, 1} and let n = 4r + 2s + ǫ.
Then there exists a Cayley graph of diameter two, degree d = 2n − s + ǫ and of order
Proof. We set m = n 2 = 2r + s. Let the underlying group of the Cayley graph
, defined in section 2 and let the generating set X be the union
, where the sets A, B and C are defined as follows:
Therefore the generating set X has order (m + 2ǫ − 1) + (n − ǫ) + (2r + ǫ + 1) = 2n − s + ǫ and the Cayley graph G has order |G| = |Γ | = 2n
2 . Since the degree of G is d = |X| = 2n − s + ǫ, the graph G has order
2 . To show that the Cayley graph has diameter two it is sufficient to show that every element of Γ n is from X or it can be written as a product of two elements from X.
The rest of the proof is divided into two parts: in part I) we generate elements of the form (i, j, 0) and in the part II) we show how to generate elements of the form (i, j, 1). In the next, all calculations are performed modulo n. Note that if n is even then −m = m and if n is odd then −m = n 2 = m + ǫ.
I) Generating elements of the form (i, j, 0). a) Elements of the form (i, −i, 0).
II) Generating elements of the form (i, j, 1). There are exactly n congruence classes C 0 , C 1 , . . . , C n−1 of elements of the form (i, j, 1) such that (i, j, 1) ∈ C k if and only if i + j = k, k = 0, 1, . . . , n − 1. Since (i, j, 1) ∈ C k if and only if (i, j, 1) −1 ∈ C −k , we will do the proof only for k = 0, 1, . . . , m. For fixed k it is sufficient to show that either first or the second coordinate runs from 0 to n−1.
The second coordinate is 0, 1, . . . , r:
The second coordinate is r + s, . . . , 2r + s:
The second coordinate is 2r + s + ǫ, . . . , 32r + s + ǫ:
The second coordinate is 3r + 2s + ǫ, . . . , n − 1:
The first coordinate is 0, 1, . . . , r:
2) The first coordinate is r + s, . . . , 2r + s:
3) The first coordinate is 2r + s + ǫ, . . . , 3r + s + ǫ:
The first coordinate is 3r + 2s + ǫ, . . . , n − 1:
) n is even, the first coordinate is 0, 1, . . . , r:
n is even, the first coordinate is r + s, . . . , 2r + s:
) n is odd, the first coordinate is 0, 1, . . . , 2r + s:
New Record Cayley Graphs of Small Degrees
In this section we construct Cayley graphs of diameter two of large orders for several small degrees. Some of these graphs has order greater than 2/3 of Moore bound, and even the graph of degree 16 has order greater than 3/4 of Moore bound. These graphs were found using GAP (Groups, Algorithms, Programming -a System for Computational Discrete Algebra [5] ). , 1), (1, 25, 1), (2, 24, 1), (3, 23, 1), (4, 22, 1), (5, 21, 1), (6, 20, 1), (7, 19, 1) , (8, 18 , 1), (13, 13, 1)} B = { (0, 1, 1), (0, 2, 1), (0, 3, 1), (0, 4, 1), (0, 5, 1), (0, 6, 1), (0, 7, 1), (0, 8, 1), (16, 19, 1), (17, 19, 1), (3, 8, 1) , (3, 9, 1), (13, 0, 1)} n = 28, m = 14, r = 7, |G| = 2 · 28 2 = 1568, d = 54 A = { (0, 0, 1), (1, 27, 1), (2, 26, 1), (3, 25, 1), (4, 24, 1), (5, 23, 1), (6, 22, 1), (7, 21, 1) , (8, 20, 1) , (9, 19, 1) , (14, 14, 1)} B = { (0, 1, 1), (0, 2, 1), (0, 3, 1), (0, 4, 1), (0, 5, 1), (0, 6, 1), (0, 7, 1), (0, 8, 1), (0, 9, 1 
